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1 Introduction 
> 

"^ I Let S"""^ be the unit sphere in W^{n > 2) equipped with the normalized 

Lebesgue measure da. A function n{x, z) defined on M" x R" is said to be- 
(^ \ long to L°°(R") X L''(S'"^^), r > 1, if it satisfies the following conditions: 

(1) for all A > and a;, 2 G M", n{x, \z) = 0(x, z); 

l/r 



o 



O' (2) ||f^||ioo(R„)xL'-(S"-i) -^^PxeR" (/s—1 l^(2^'^')r'^cr(z')) '^<00 

(3) for any x G K", /^„_i n{x, z') da{z') = 0, 



where z' — z/\z\ for any z e M"\{0}. Set K{x,z) = -jM-^- In this paper, we 
consider the singular integral operator with variable kernel which is defined by 

X 
H' ro/(x)=P.V. / Kix,x~y)fiy)dy. (1.1) 

In 1955, Calderon and Zygmund [TJ[2] investigated the L^ boundedness of 
singular integral operators with variable kernels. They found that these oper- 
ators Tq are closely related to the problem about second order elliptic partial 
differential equations with variable coefficients. In [I], Calderon and Zygmund 
proved the following theorem (see also [3]). 

Theorem A. Suppose that n{x, z) e L°°(R") x U^S""-^) with r > 2{n - l)/n, 
and satisfies (l)-(3). Then there exists a constant C > independent of f such 
that 

\\Tn{f)\\^,<C\\f\\^,. 
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For < a < n and n{x,z) e L°°(R") x L'^(5"-i) with r > 1, we set 
Ka{x, z) = I Z'^J ■ Then the fractional integral operator with variable kernel is 



Tn..o.f{x)^ K^{x,x-y)f{y)dy. (1.2) 



defined as follows: 



In 1971, Muckenhoupt and Wheeden [12] studied the L'^-L'^ boundedness of 
Th,Q when < a < n, and obtained the following result (here, and in what 
follows we shall denote the conjugate exponent of p > 1 by p' = p/{p — 1)): 

Theorem B. Let < a < n, I < p < n/a and \/q = 1/p — a/n. Suppose that 
n{x,z) e L-^iW"-) X L''(S'"-i) with r > p' , and satisfies (l)-(2). Then there 
exists a constant C > independent of f such that 



On the other hand, the weak Rp spaces have first appeared in the work of 
Fefferman, Riviere and Sagher [11], which are the intermediate spaces between 
two Hardy spaces through the real method of interpolation. The atomic decom- 
position characterization of weak H^ space on R" was given by Fefferman and 
Soria in [12]. Later, Liu [16] established the weak H^ spaces on homogeneous 
groups for the whole range < p < 1. The corresponding results related to M" 
can be found in J18j . For the continuity properties of some kinds of operators 
on weak Hardy spaces, we refer the readers to [6Hl0 t [T7 l [20] . 

In [6], the authors considered the boundedness of Tq and To^a on the weak 
Hardy spaces WH^{M.'"'), under certain smoothness conditions on the variable 
kernel Q{x, z). Motivated by [B], the main purpose of this paper is to establish 
the boundedness properties of Tn and Tsi,q on the spaces WH'p{W^), under the 
assumptions that r2(a;, z) satisfy some Dini type conditions (see Section 2 for its 
definition). We now formulate our main results as follows. 

Theorem 1.1. Let < /? < 1 and n/{n + /3) < p < I. Suppose that fl G 
Din^o[S'^~^) with r > 2{n — l)/n, then there exists a constant C > independent 
of f such that 

\\'^^if)\\wLP - ^UWwHp- 

Theorem 1.2. Let < a < 1, n/{n + a) < p < I and 1/q = 1/p — a/n. 
Suppose that fl G Din1^{S"'^^), then there exists a constant C > independent 
of f such that 

\\-'-n,a[f)\\^fj^g < L- II /llj^.jLfp- 
Theorem 1.3. Let < a < /3 < I, n/{n + (3) < p < n/{n + a) and 1/q = 
1/p— a/n. Suppose that fl € Din^a{S"'~^) with r > n/(n ~ a), then there exists 
a constant C > independent of f such that 



\TnAf)\\wLi - ^V 



WLi — ^ II-' \\WHP' 



2 Notations and preliminaries 

For < p < oo, we denote by LP{W") the classical Lebesgue spaces of all 
functions / satisfying 

l|/|Lp = f/ \fi^)\'dx) %oo. (2.1) 



When p — cx), L°°(R") will be defined as follows: 

||/|Loo =esssup|/(a:)| <cx3. (2.2) 

a:eR" 

We also denote by VFLP(R") the weak L^ spaces consisting of all measurable 
functions / such that 

WfWwL. = supA • |{a: e R" : \f{x)\ > X}]'^" < oo. (2.3) 

A>0 



Let us first recall the definitions of the integral Dini type conditions. In [US], 
Ding et al. introduced some definitions about the variable kernel f2(x, z) when 
they studied the H^-L^ boundedness of Marcinkiewicz integrals. Replacing the 
condition (2) mentioned before, they strengthened it to the condition 

(2') sup.es" {^ g„_^\n{x + pz' ,z')Y da{z')f''' < OO. 

For n{x,z) £ L°°(R") x L'^(S'"-i) and r > 1, a function n{x,z) is said to 
satisfy the _L''-Dini condition if the conditions (1), (2'), (3) hold and 

r^d<5<oo, (2.4) 

Jo 

where uJr (5) is the integral modulus of continuity of order r of fi defined by 
uJriS) -.^ sup ( / sup \Q{x + pz',y')-Q{x + pz',z')\''da{z')] . (2.5) 

P>0 \y'-z'\<S 

In order to obtain the RP-L^ boundedness of To, Lee et al. [2] generalized 
the L'"-Dini condition by replacing (2.4) to the following stronger condition (see 
also [H]) 

' 7T^'^'5<oo, 0<a<l. (2.6) 

If O satisfies (2.6) for some r > 1 and < a < 1, we say that it satisfies 
the L'''"-Dini condition. For the special case a = 0, it reduces to the i''-Dini 
condition. For 0</3<Q;<l,ifi7 satisfies the L'''"-Dini condition, then it also 
satisfies the i''''^-Dini condition. We thus denote by Din^(S'"~"'^) the class of all 
functions which satisfy the L'''^-Dini condition for all < /3 < a. Following the 
same arguments as in the proof of Lemma 5 in jl3| , we can also establish the 
following lemma on the variable kernel Vl{x, z) (See [5] and [T4]). 



Lemma 2.1. Let < a < n and r > 1. Suppose that fl{x,z) G L°°(R") x 

^r^^n-i-j gfiUgjl^g ifiQ L'' -JJiui condition of this section. If there exists a con- 
stant < 7 < 1/2 such that \y\ < jR, then for any xq £ R", we have 

l/r 

Ka {x + Xq , X — y) — Ka {x + Xq , x)\' dx 
fl<|a;|<2i?. 



R J\y\/2R 

where the constant C > is independent of R and y. We simply denote Ka{x, z) 
by K(x, z) when a = 0. 



Now let us turn to the weak Hardy spaces. We write ,y(R") to denote the 
Schwartz space of all rapidly decreasing infinitely differentiable functions and 
J^'(M") to denote the space of all tempered distributions, i.e., the topological 
dual of ^(R"). Let < p < 1 and A^ = [n{l/p- 1)]. Define 

^jv = |(y3 e J?^(R") : sup sup il + \x\f+"+^\D''if{x)\<l], 
where a = (ai, . . . ,«„) € (N U {0})", |q| = ai + • • • + a„, and 

^ dx^' ■ ■ ■ dx'^" 
For any given / € J^'(R"), the grand maximal function of / is defined by 

Gf{x)^ sup sup \{ipt * f){y)\- 

ip^-a/t^ \y—x\<t 

Then we can define the weak Hardy space WHP{W^) by Wm{W) = {/ € 
^'(R") : G{f) e WLP{W-)]. Moreover, we set \\f\\^^, = ||G(/)||^^,. 

We need the following atomic decomposition theorem for weak Hardy spaces 
WHP[W) given in ^ (see also [E]). 

Theorem 2.2. Let < p < 1. For every f e WH^iW^), then there exists a 
sequence of hounded measurable functions {fk\kL-oo ■^''^ch that 

(*) / = J2kL-oo fk *^ ^^^ sense of distributions. 

{ii) Each fk can be further decomposed into fk = X^i ^f ; where {6f } satisfies 

(a) Each b'^ is supported in a cube Q'^ with '^- \Q'^\ < c2~'^p, and^^ Xq>' {^) ^ 
c. Here xe denotes the characteristic function of the set E and c ^ / k^f/p! 

(b) \\b^\\j-^ < C2^ , where C > is independent of i and k; 

(c) /jj„ b'^{x)x'' dx = for every multi-index 7 with I7I < [n(l/p — 1)]. 
Conversely, if f £ c5^'(R") has a decomposition satisfying (i) and (ii), then 

f € WHP{W^). Moreover, we have ||/||^^p ~ c. 

Throughout this article C always denotes a positive constant, which is inde- 
pendent of the main parameters and not necessarily the same at each occurrence. 



3 Proof of Theorem 1.1 

Proof of Theorem 1.1. For any given A > 0, we may choose fco G Z such that 
2''« < A < 2*="+^ For every / e WHP{W^), then by Theorem 2.2, we can write 

OO fco CO 

k— — oo k— — oo k—ko-\-l 

where Fi = EfeL-co A = Ell-ooEib-, ^2 = Er=fco+i ^ = E^fe„+iE«^f 
and {b'^} satisfies {a)-(c) in Theorem 2.2. Then we have 

\P-\{xeR":\Tn{f){x)\ > X}\ 
<AP-|{a;eM": |Tn(Fi)(a;)| > A/2} | + A^ • |{a; G M" : |ro(F2)(x)| >A/2}| 

= h+l2- 

First we claim that the foUowing incquahty holds: 

\\Fi\\,.<C-X'-P^^fd^. (3.1) 

In fact, since suppbf C Q*^ == Q{x^,r'^) and Hfef^H^oc < C'2'' by Theorem 2.2, 
where (5(a;*^,r*^) denotes the cube centered at x^ with side length r^ and all 
cubes are assumed to have their sides parallel to the coordinate axes. Hence, it 
follows from Minkowski's integral inequality that 



k— — oo i 
kp 

< E T.P^ 






For each fc G Z, by using the bounded overlapping property of the cubes {Q^} 
and the fact that 1 — p/2 > 0, wc thus obtain 

'"0 / s 1/2 

\\FiL.<c ^ 2'^{j2m 

/c— — oo i 

fen 



< ^ V- r,fe(l-p/2)|| .||P/2 

fe— — oo 

feo 

< r V o(fe-feo)(l-p/2) . \1-P/2|| /•||P/2 



/c— — oo 






Note that fi G DinJ^(5'""^) with r > 2(n - l)/n, then we know that Tq is 
bounded on L^(R") according to Theorem A. This fact together with Cheby- 
shev's inequahty and the inequahty (3.1) yields 

<C-XP-^F,\\l, 

<C||/||U.- (3-2) 

Wc now turn our attention to the estimate of l2- Setting 



oo 
k—ko-\-l i 



^^0= U U^' 



where Q^ = Qix^^T^''^ '^'''/"(2Y^)r^) and r is a fixed positive number such 
that 1 < r < 2. Thus, we can further decompose I2 as 

/2 < AP • |{x G Ak„ : \Tn{F2){x)\ > A/2}| + A*' • |{x e {Ak„Y : \Tn{F2){x)\ > A/2}| 

= I2 + I^- 
For the term I2 , we can deduce that 

CSO 

k—ko-{-l i 

00 

<C-XP J2 rP^''''"''>J2\Qi\ 

k—ko^l i 



^JKJ 

<rllfF V (- 



p(fe-fco) 
k=ko + l 



<C||/||;.^.. (3.3) 

On the other hand, it fohows directly from Chebyshev's inequality that 

/^'<2P/ \Tn{F2)(x)\'' dx 



00 „ 

J — ?^_ 11 ,■ -^ I Q- ) 



00 

= 2^ E E^^ 

Now denote t/=» = 2^-VP('=-'='')/".A^r? and 



ii;,';, = {x e M" : r^, < la; - xf I < 2r^,}, ^ = 1,2,.... 



An application of Holder's inequality gives us that 

oo „ 



£^1 • 

oo 



< 



E^> 



1-p 



\T,^{hX){x)\dx 



Observe that [n(l/p — 1)] = by our assumptions. Thus, by the cancellation 
condition of h\ G L°°(K"), we get 



\To.{h\){x)\dx . 



dx 



< 



K(x,x - y) - K{x,x - x'^) b'^{y)dy 
\ I K{x,x-y)-K{x,x-x'l) dx\\hKy)\dy 



< m 



Q'y L J_Ef 



KiyX, X — yj — K[x,x — x,^j 



dx > dy. 



When y G Q^ and x E (Qi) , then a trivial computation shows that for all 
and fc, 

(3.4) 



X — X J > T 



{k-k„)/{n+a) /- k 



V^rf > V^rf >2\y-x^\ 



Using Holder's inequality, the estimate (3.4) and Lemma 2.1, we can see that 
for any y € Q'^ , the integral in the brace of the above expression is dominated 

by 



<C- 



<C- 



<c- 



rpk 



Ef, 



K[x, X — yj — K[. 

l/r' 



dx 



l/r 



1 dx 



l/r' 



l/r 



K{x + x'i:,x-iy-x^)) -K{x + x^,x) 



dx 



'^i,t J\y~-x\\/1r'l,, ^ 



■dS 



e: 



i.e 



l/r' 



^k^^ -/^' ( \y-4\ , \y-fi\^ ,, t''^'^'^'''-^d5 



•l.i 



'i,e 



<C.i2rtX"''^(rtr" 



1 



/3 f^ UJr{S) 



2i^p(k-ka)/ii 



1 



2i^p{k-ko)/n 



S^+f^ 



dS 



< 



-(-r^-) 



1 



2^^p(fe-fco)/n 



(3.5) 



Recall that ||^i^||roo ^ (72*^. From the above estimate (3.5), it follows that for 
all i and fc, 



jk<c-2''Pj2Hi 



1=1 



< 



C-2'^P^ Qf 



i-p 



i-p 






1 



2li-p{k-ko)/n 



0P 



l2^^P(k-ka)/n ^ 



n(l-p)-Pp 



< C-2'^P- lOfUrPC^-'^'')/"] 
where the last inequality holds since p > n/{n + /3). Therefore 

k—ko-^1 i 

n — (n+/9)p 



<c\\f\ 



WHP 



E 

k=ko+l 



.p(k — ko)/n 



k=l 
<C||/|" 



n — (n+l3)p 



WHP' 



(3.6) 



Combining the above inequality (3.6) with (3.2)-(3.3) and taking the supremum 
over all A > 0, and then taking p-th root on both sides, we complete the proof 
of Theorem 1.1. D 



4 Proof of Theorem 1.2 



Proof of Theorem 1.2. For any fixed A > 0, we may choose fcg G Z satisfying 

1^^^. For every / e T4^i/P(M"), 



2feo < ^ < 2*0+1^ ^i^ej-e we define ^ = A'/^'jI/l'^ '^'^ 
then in view of Theorem 2.2, we can write 



k— — oo k— — oo k—ko^l 

where Fi == Efel-oo fk = Efel-oo Ei ^^'^ ^2 = Efelfco+i /*= == Efelfeo+i Ei ^^^ 
and {6*^} satisfies (a)-(c) in Theorem 2.2. Then we have 

A«-|{a;eIR": \Tn.Af){^)\ >A}| 
<A«-|{a;eK": \TnAFi)ix)\ > A/2}| + A« • |{a; e K" : \TnAF2)ix)\ >A/2}| 
= Ji + J2. 

If < q; < 1, n/(n + a) < p < 1 and l/q = 1/p — a/n, then q > 1. Thus, we 
are able to choose pi such that 1 < pi < n/a and q > p'l > 1. Then we take 



qi > Pi > 1 such that 1/qi = 1/pi — a/n. Similar to the proof of Theorem 1.1, 
we first claim that the following inequality holds: 

llFill < C-^^^P/Pillfir^^' (4 1) 

Indeed, since supp6f C Qf = Q(x^,rf) and ||&f||^oo < 02*^ by Theorem 2.2, 
then by using Minkowski's integral inequality, we get 



|p II <- V^ \^ Wh'^W 

k— — oc i 
ko 

< E EmuQ 



fell l,nfc|i/Pi 

fe— — oo i 



For each fc G Z, by using the finitely overlapping property of the cubes {Qf } 
and the fact that 1 —p/pi > 0, we thus obtain 



'" ■ fe|^^/- 



\Fi\U<C ^ 2'{Y.\Q. 



fe— — oo 
fco 

^ r \^ r,fc(l-p/pi)|| .||P/P1 

^ ^ Z^ ^ Pllwffp 

fe— — oo 

fco 

< r \^ 9(fc-fco)(l-p/pi) i:l-p/pi\\f\\P^P^ 

- ^ Z^ ^ ^ Pllwffp 

fe— — oo 

< (^ fl-p/pl II l-llp/pl 

— ^ "^ Ik Wwhp- 

Notice that H. G Din^(S'"~^) with q > p[, then we know that Tn,a is bounded 
from LPi(R") to L«i(K") according to Theorem B. This fact along with Cheby- 
shev's inequality and the inequality (4.1) implies 



< C \9-91 t(l-p/Pl)9l II f ||P''i'Pi 

— ^ ^ "5 Ik Wwhp 

Note that 1/p — 1/q = l/pi — 1/qi = a/n, then it is easy to check that 

q-qi + q/p- {^- p/pi)qi = q-qi + qqi- (i/p - Vpi) 

= q-qi + qqi- (i/g- i/^i) 
= 



and 

(1 - q/p) ■ (1 - p/pi)qi + pqi/pi = (i - q/p) ■ (i - p/pi)qi - (i - p/pi)qi + 91 

= q/p ■ {p/pi - 1)91 + qi 
= qqi ■ (i/f?! - 1/9) + qi 
= q- 

Hence, by the inequality (4.2), we have 

Ji<C\\f\\l^^. (4.3) 

Let us now turn our attention to the estimate of J2. Setting 



u u^.^ 

k—k(j + l i 



Ko ~ I J I J ^i ' 



where Q^ = Q{x'i,tP'^^ ^°^/'^{2y/n)r'^^ and r is also a fixed positive number 
such that 1 < T < 2. Thus, we can further split J2 into 

J2 < A" • |{x e Ak, : |Tn,„(F2)(x)| > A/2}| + A« • |{x e (A^J^ : |Tn,„(F2)(a;)| > A/2}| 

= J2 + ^2 • 
For the term Jg, we can see that 



Jl 


, < A" 




Qt 








<c 


00 

• A^ >; 7 

k=ka + l 


.p(k- 


i 


Q\ 




<c 


■X'-C f 


p ^ /TXPCfc-fco) 
WHP ? / {2) 

k=kQ+l 




<c 


f " 









(4.4) 



For the term Jj', we denote t^^ = 2^ ^t^^^ '^"^/"-ynrf and 

El, = {x e M" : T^ < la; - xf | < 2tI,} , ^ = 1, 2, . , 
Then it follows directly from Chebyshev's inequality that 

J2'<2«/ \TnAF2){x)\' dx 



00 00 ^ 

^2" E EE/ |ra.(^')wrrf^- 



k=ka + l i e=l ^i.e 



10 



Observe that [n{l/p — 1)] = and q > I. Hence, by using Holder's inequality 
with exponent q and the cancellation condition of bf € X°°(]R"), we deduce that 



k^ko + l i £^1 "^^i^i 

CO oo 

^^ E EE,,. 

k=ka + l i e=l ^i.i 

\ q/q' 



Q'l 



Ka (x, X -y) - Ka{3 



Ka {x,x — y) — Ka {x, a; — Xj ) 



h'l{v)dv 



dy 



dx 



b1{y)V dy dx 



< 



oo oo „ / „ 

k=ko+i t fci-'Q. \"'^t 



Ka {x, X — y) — Ka {x,x — aJj ) 



dx dy. 



If y G Qi and x e {Qi) , then we still have la; — xf I > 2|j/ — a;*^| for all i and k 
by (3.4). Since Q e Din^(5"~^) with q> 1, then by Lemma 2.1, for any y £ Q\, 
we obtain 



1/9 



Ka {x, X - y) - Ka {x, X — x^) 



dx 



1/9 



< 

I t^i,<\x\<2t^^i, 

<C ■ (t. 



Ka {x + Xi,X~ {y- xf )) - Ka{x + x^,x) 



dx 



<c- 



y-x>l\l2rl^ 



<C-{t'' 



1 



n/q—(n — (y.) 






1 



2i^p{k-ko)/n 



^5^+" 



d(5 



<C 
So we have 



-(.^,)"'--'(-i'^^*) 



1 



2ifP(k-ko)/n 



|9/9' + l. 



/C^fco + l 2 ^^1 



n— (n — a)g 



1 






2i',-p{k-ko)/n 
"(1-9) 



< (^ y^ 2kl ( -j-P{k-ko)/r 
k=ko + l 



"(1-9) 



E|o^* 



9/p 



11 



where in the last incquahty we have used the facts that q > 1 and l/q = 1/p ^ 
a/n. Since q/p > 1, by using the weU-known inequahty X]i(A^i)''^^ — i'l2i Mi)*^^) 
we conclude that 

k—kQ-\-l i 



(A — \ 



— Ik Wwhp L^ \ ) 

k=ka + l 

<^I|/|IU.- (4-5) 

Collecting the above inequality (4.5) with (4.3)-(4.4) and taking the supremum 
over all A > 0, and then taking g-th root on both sides, we finish the proof of 
Theorem 1.2. D 



5 Proof of Theorem 1.3 

Proof of Theorem 1.3. Arguing as in the proof of Theorem 1.2, for any fixed 
A > 0, we can choose fco G Z satisfying 2*^" < C < 2*^"+^, where we define 
^ = A9/P||/||J^^^/. For every / e WHP{W), then in view of Theorem 2.2, we 
may write 

oo /co oo 

k— — oc k— — oo k—ko-\-l 

where Fi = EfcL-oc fk = EkL-oo E^ b^ ^2 - EZko + l h = E^fco + l S^ ^^ 

and {6^} satisfies {a)-{c) in Theorem 2.2. Then we have 

A«-|{xeIR": |T,,,„(/)(x)| >A}| 
<A''-|{xe]R": |Ti,,„(Fi)(x)| > A/2}| + A« • |{a; e R" : |To,„(F2)(x)| >A/2}| 
= Ki + K2. 

Since il G Dina(S'"^^) with r > n/(n — a), this is equivalent to 1 < r' < n/a. 
Then we are able to find a positive number pi such that 1 < r' < pi < n/a. 
We also take qi > pi > I such that 1/qi = l/pi — a/n. Hence, by Theorem 
B, we obtain that Tn,a is bounded from LP^{W^) to L«i(]R"). Repeating the 
arguments used in the proof of Theorem 1.2, we can also show that 

Ki<C\\f\\l^^. 

Let us now consider the other term K2. As before, we set 



^ko^ u u^ 

k—ko-\-l i 

12 



where Q'^ — Q{x^ , t^^'^ '^")/"(2Y^)r^) and t is an appropriately chosen number 
such that 1 < T < 2. Thus, we can further decompose K2 as 



i^2 < A" • |{x e Ak„ : \TnAF2){x)\ > A/2}| + X" ■ \{x e {Ak^f : |Ta,„(F2)(a;)| > A/2}| 
By using the same procedure as in Theorem 1.2, we can also obtain 

It remains to estimate the last term K2 . We first apply Chebyshev's inequality 
to obtain 



K!^ < 2" 



{A,„y 



\Tn,a{F2){x)\'^ dx 



< 



00 ^ 



= 2^ E E^A 

fc^/co + l * 

Again we denote rf^ = 2^^^TP^''^'"'^/"y/nr^ and 

ii;,':, = {x e M" : T^ < la; - xf I < 2t/:,}, ^==1,2,.... 
An application of Holder's inequality leads to that 






< 



EH 



1-9 



|ro,a(6,')(x)|da;') . 



Notice that [n(l/p— 1)] = by the hypothesis. Consequently, by the cancellation 
condition of b'j^ E L°°(R"), we can get 



\Tn,4b^){x)\dx 



dx 



< 



< k 



Ka{x,x-y) -Ka{x,x-x'^) b'^{y)dy 
< / Ka{x,x-y) - Ka{x,x-x'l) dxl\b'^{y)\dy 



I \\L° 



Ka (x, X — y) — Ka (x, X — Xj ) dx> dy. 



If y G Qf and x e (Qf) , then we still have |x — xf | > 2|j/ — x^| for alH and k 
by (3.4). Applying Holder's inequality with exponent r > 1 and Lemma 2.1, we 
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can see that for any y G Q*^, the integral in the brace of the above expression is 
bounded by 



<C- 



<C ■ 



<c- 






Ef 



Tpk 

Ei.e 



Ka{x,x -y) - Ka (x, X - xf ) 

1/r' 



dx 



l/r 



1 dx 



B.S 



l/r' 



l/r 



tIi,<\x\<2tIi, 



Ka{x + xf,X — (2/ — xf)) — Ka{x + X^ , x) 



dx 



7.-(«-.)/^^ ri--i/-.^^^; 



l/r' . s«/r-(«-a) /|y_a;fc| \y-X^^\f^ f\y-^'^\/<^ UJr{S) 



■ \li,l 



•i.i 



«,}" 



<C.(2r;.)"'7fe^""-'"-°' 



1 



2f-^p(*:-feo)/n 



;i I -I-/T 

1 1/3 /■ia;^((5) 



< 



-Hr('-rw-)<5^ 



;-feo)/r 



2lfP(k-ko)/n 



51+P 



dS 



Recall that ll&f 11 roo ^ C'S'^ and g < 1. From the above estimate, it follows that 



00 

<C-2'"'J2 (2^1 

£=1 
00 

<^.2fcg^|Qfc 
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2t, 



i.i 



aq 



1 



2f^p(fe-fco)/n 



/3g 



"(1 — 1)+"9 



1 — q+ag/n 



1 



/3« 



2£^p(fe-fco)/ri 



< C • 2'°'' • Q*^ I T-Pik-ko)/n 



2^^p(fe-fco)/ri 



where the last inequality holds since q > n/(n — a + /3). Using the fact that 
1 + aq/n = q/p > 1 and the well-known inequality X]i(Mi)''^^ ^ (X^jMi)'' j "^^ 
deduce that 



'+"«/" V(fe-feo)/n^""^"""+^^' 



k—ko-\-l i 

/ \ 7i — {n — a-\-^)q / \ q/p 

k—ko-\-l i 






n — (n — o;+/3)q 



k=ka + l 



<C\\f\ 



WHV 
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Summing up all the above estimates and taking the supremum over all A > 0, 
and then taking q-th root on both sides, we conclude the proof of Theorem 
1.3. D 

We finally remark that for any function /, a straightforward computation 
shows that the grand maximal function of / is pointwise dominated by M(/), 
where M denotes the standard Hardy-Littlewood maximal operator. Hence, 
by the weak type (1,1) estimate of M, it is easy to see that the space L^(R") 
is continuously embedded as a subspace of WH^{M.'^), and we have ||/||vi/hi < 
C'II/IIli for any / € L^{M.'^). Therefore, as direct consequences of Theorems 1.1 
and 1.2, we immediately obtain the following result. 

Corollary 5.1. Let < /3 < I and p = 1. Suppose that fl E Di-d'JS'^^^) with 
r > 2(n — l)/n, then there exists a constant C > independent of f such that 

Corollary 5.2. Let 0<a<l, p=l and 1/q — l/p — a/n. Suppose that 
Q e Din]!^'^"'^°''{S^^^), then there exists a constant C > independent of f 
such that 

\\Tn,M)\\wL"/i"—) - '^ll/ILi- 
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